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Supersymmetric states in M-theory are mapped after compactification to perturbatively non-
supersymmetric states in type IIA string theory, with the supersymmetric parts being encoded in
the non-perturbative section of the string theory. An observer unable to recognise certain topological
features of string theory will not detect supersymmetry. Such relativity of symmetry can also be
derived in the context of Theorem 3 in ref. [11]. The tool of choice in this context is the universal
coefficient theorem linking cohomology theories with coefficients that reveal respectively hide certain
topological features. As a consequence of these observations, it is shown that the same theorem is
capable of linking perturbative with non-perturbative string theoretical domains. A discussion of
inflow anomaly cancellation is also included in the context of universal coefficient theorems.
M-theory, as a unified theory of physics, makes no distinction between perturbative and non-perturbative states.
Indeed 11-dimensional M-theory describes both perturbative and non-perturbative effects of ten dimensional super-
string theory [1,2]. It has been shown that 4-dimensional M-theory vacua with N > 0 supersymmetry appear to
have no unbroken supersymmetry from the perspective of perturbative type IIA string theory. The M-theoretical su-
persymmetry appears as a non-perturbative effect and is encoded in the appearance of non-trivial Ramond-Ramond
(RR) charges [3]. Given a spacetime X , in order to obtain the low energy effective theory one compactifies string
theory on this spacetime. The result will include many U(1) gauge fields. Performing Kaluza-Klein (KK) reduction of
the 10-dimensional type IIA string theory or type IIB supergravity, Ramond-Ramond gauge fields will emerge. Such
gauge fields will form a vector space which will be dual to a space of harmonic forms in X . This implies [4] that
the RR charges will take values in the cohomology of our spacetime with real coefficients H∗(X,R). After quantising
the RR charge, a cohomology with integer coefficients will replace the previous one H∗(X,Z) which, further on, will
be replace with H∗(X,Z/N) for large N [4]. On the other side perturbative string theory can only detect zero RR-
charges (the non-trivial charges are invisible from the standpoint of perturbative string theory). In non-perturbative
string theory we have a sector of the spectrum associated to D-branes wrapped around supersymmetric cycles W in
X . These will have non-zero charges under RR gauge fields. Such charges can be calculated in terms of the topology
of the embedded cycle f : W →֒ X and the topology of the Chan-Paton bundle E → W . Moreover, within the
inflow mechanism for anomaly cancellation, the charges of the RR bulk fields are induced by the gauge fields and
gravitational curvatures. Contributions to these RR charges also come from certain twisted normal bundles. The
three phenomena, namely charge induction, inflow anomaly cancellation, and a relation between perturbative and
non-perturbative string theoretical domains may have a common origin, related to the universality of the choice of
coefficient structures in (co)homology. As M-theory does include both trivial and non-trivial RR charges and does
not make a fundamental distinction between perturbative and non-perturbative effects, it is possible that the arbi-
trariness related to the choice of the coefficient structure in (co)homology is a new fundamental property of M-theory,
not studied before.
As there is no distinction to be made between perturbative and non-perturbative states from the perspective of
M-theory, it is important to identify a unifying viewpoint relating the situation when RR charges are only seen to
be zero and the situation when one classifies them either in terms of cohomology with coefficients in Z, H∗(X ;Z)
or within K-theory (which is yet another form of generalised cohomology). Indeed, such a unifying viewpoint can
be obtained by analysing universal coefficient theorems in cohomology as well as the way they connect ordinary
and generalised cohomology theories [5-7]. Indeed, the existence and calculability of universal coefficient theorems
for various generalised cohomology theories is still subject to intensive research in homological algebra and algebraic
topology. This article claims no final mathematical construction. However, the various observations it makes regarding
the physical properties of RR-charges and their classification are of importance in identifying relations between
perturbative and non-perturbative string theory sectors.
In ref. [13] it is derived, and in [3] it is mentioned that the worldsheet action of the D = 10 type IIA superstring can
be obtained by identifying the third worldvolume coordinate with the eleventh spacetime coordinate in the D = 11
supermembrane. The eleventh coordinate corresponds to a circle. From a cohomological perspective, detecting a
circle depends on the choice of a coefficient structure. From ref. [15] it is known that when twisted cohomology is
employed to analyse a circular subspace of a certain topological space, the cohomology completely ignores the parts of
the space formed by circles along which the monodromy of the coefficient system is non-trivial. In another sense, the
measuring device (expressed mathematically as the coefficient structure) must be added in order for the cohomology
to be able to tell us anything about the topology of the space. However, if we decide to employ a coefficient structure
2that has non-trivial monodromy around certain circular subspaces, those subspaces will not be visible. From the point
of view of cohomology with coefficients having non-trivial monodromy when considered around the circular subspace
of our manifold, such circular spaces may as well not exist. However, non-trivial RR charges appear and can be
calculated in terms of the topology of the embedded supersymmetric cycles W →֒ X defined above. One could argue
that the freedom given by the ability to arbitrarily choose the coefficients is an unnecessary complication. However,
(co)homology theory cannot be defined without such coefficients. Indeed, the coefficient structure is included in
the very axioms of cohomology theory (Eilenberg Steenrod axioms) and can only be chosen to be trivial, but never
eliminated. Therefore, in the best case we can think of the choice of coefficient structures as of a more generalised
gauge choice which can reveal certain topological properties while mask others. Therefore we have to accept that
taking different choices of coefficients make mathematical sense. Once we accept this, we must think about what the
physical effects of such choices can be. Phenomena appearing to alter significantly when the coefficient structures
are altered may not be fundamental. Coefficient choice invariant phenomena however may be the foundation for a
unified theory of nature. M-theory appears to have such properties and appears at least up to a certain point to be
constructed in a coefficient-covariant way. Twisted acyclicity of a circle means that the complement of the tubular
neighbourhood of a link looks like a closed manifold to a twisted cohomology, because the boundary being fibered to
circles, is invisible in the twisted cohomology [15]. The same remains valid for a set of pairwise transversal, generically
immersed closed manifolds of codimension 2 in arbitrary closed manifolds, with the condition that the monodromy
around each such manifold is non-trivial. The modified cohomology does not feel the intersection of the submanifolds
as a singularity [15]. This is natural if one thinks that the coefficient structure makes the movement around the circle
gain a non-trivial lift due to the existence of the coefficient-bound monodromy. In terms of a twisted (co)homology
theory there simply is no intersection. It is important to notice that a particular situation where the inflow anomaly
cancellation is relevant is for intersection anomalies, arising for example on I-branes. While this is certainly not the
only relevant situation, it is worthwhile to observe that lifting the intersection by means of non-trivial coefficients in
cohomology has a similar effect as the inflow mechanism. While the inflow mechanism implies a higher dimensional
”flow” towards the anomaly, bringing in an ”anti-anomaly” that would cancel the original anomaly and make the
theory consistent, the structure of coefficients in cohomology adds the ”anti-anomaly” by means of a redefinition of a
topological measuring device. If we are about to look at the cobordism between immersed links, we will see from the
perspective of twisted cohomology only a compact cobordism between closed manifolds. This allows us (provided we
find a consistent relation between twisted cohomology and cohomology with constant coefficients) to analyse manifolds
with links of codimension two as if they were single closed manifolds. All this has been shown in [15] which is a purely
mathematical paper. However, the interpretation of all these statements in terms of string theory, M-theory, as well
as the connection between perturbative and non-perturbative domains is novel and is a part of this research work.
In the case in which a D-brane wraps around a cycle of a curved manifold, its normal bundle may twist leading to
chiral asymmetry for the theory in its world volume.
The wrapping and intersecting D-branes will be plagued by anomalies which in general do not cancel among
themselves and may appear not to be cancelled by the standard inflow mechanism which one may invoke considering
the possibility of imbedding the theory in a higher dimensional structure. To understand this difficulty it is important
to understand how the inflow mechanism would work in the cases when it is directly applicable. In such fortunate
cases, the anomalous theory can be embedded in a higher dimensional theory. The bigger theory has an associated
classical action which will have an anomalous variation which is localised at the world volume for our anomalous
theory and cancels its anomaly. The term ”inflow” therefore originates from the fact that an ”anti-anomaly” flows
from the higher dimensional theory leading to the cancellation of our lower dimensional anomaly. The cases in which
such a method fails appear due to the fact the anomalies cannot in certain cases be properly factorised. The reason
for such a non-factorability is inherently topological. If D-branes are wrapped around non-trivial cycles of a certain
compactification manifold, the anomalies appear in the form of non-vanishing variations of the effective action under
a local gauge transformation [12]. This is a catastrophic scenario that must be dealt with. Ref. [16, 17, 18] discuss
these issues extensively. Ref. [12] recovers the inflow mechanism by arriving again at a proper factorisation by means
of the topological result providing us with a relation between the Thom and Euler classes.
When, in the context of M-theory, the eleventh spacetime coordinate corresponds to a U(1) fibre [3] the membrane
worldvolume would correspond to a U(1) bundle over the two dimensional worldsheet of the string and not to a direct
product. Dimensional reduction of the 11 dimensional supergravity on a circle leads to type IIA supergravity. In
terms of solutions of these theories, this implies that any solution of the formM10×S1 of 11 dimensional supergravity
can be seen as a solution of type IIA superstring theory [3]. This example however restricts the argument to direct
product solutions. This however is not required.
Any solution that has the form of a U(1) bundle over a 10 dimensional base manifold admits a 10 dimensional
interpretation. An example discussed in [3] is the AdS4 × S7 case for 11 dimensional supergravity, precisely because
3S7 has the form of a U(1) bundle over CP 3. If the bundle is non-trivial, the KK vector potential that appears after
reducing the 11 dimensional theory to the 10 dimensional theory becomes topologically non-trivial. It is worthwhile
mentioning that every circle on S7 can be shrunk to a circle, in contrast to the CP 2 × S1 case.
In ref. [8] it is noted that a key feature of K-theory is that when comparing two objects, X ′ and X ′′, it is allowed
to augment them by some object Y . In condensed matter (the subject of ref. [8]) such augmentation is done by a
trivial system, a procedure known in high energy physics from the BRST-anti-BRST quantisation [9]. Two systems
may not be trivially deformable one into the other, but still, after such an extension, trivial deformation becomes
possible. In cohomology theory such an augmentation is controlled by the coefficient structure. Indeed, in ordinary
cohomology theory the cohomology associated to a point is trivial i.e. H0(Pt) = Z and Hn(Pt) = 0 for n > 0, where
Pt represents a point space. The zero order cohomology of the point H0(Pt) represents the coefficient structure. In
generalised cohomology theory however, the point may obtain additional structure, first by allowing the zero order
cohomology to become non-trivial, and second, by allowing non-zero higher cohomology groups for the point. For a
brief definition of these concepts see [10]. Therefore, a broad spectrum of additional structures can be included in a
theory only by departing from the trivial cohomology structure. Indeed, I showed in [7] that a global anti-anomaly
can be introduced only by means of non-trivial coefficient structure in cohomology. That such a global anti-anomaly
can play the same role as an extra-dimensional flow compensating the anomalies by means of the inflow technology
can be seen as follows. I will mostly use the notation of [12].
Let M be the m-dimensional world volume of the brane and let LM be the Lagrangian density controlling the
dynamics on the brane. To introduce the brane into the bulk theory one has to add to the bulk action the term∫
M
MM (1)
If we want to express this in terms of an integral over the whole bulk spacetime X we introduce, following [12], an
additional differential form τM such that ∫
M
ζ =
∫
X
τM ∧ ζ (2)
for any rank-m form ζ defined over M∗. The rank of our additional form is equal to the codimension of M in X .
This equation defines τM as an element of the dual of the space of forms i.e. the space of currents. These are the
differential form analogues of distributions and τM is the appropriate generalisation of the Dirac delta distribution.
If ζ is restricted to be a closed form on M , the equation above defines only a cohomology class [τM ], known as
the Poincare dual of M . It contains topological information about M . τM itself is a representative of this class. In
physics, this is associated to a brane current of the brane wrapped around M .
This can be expressed in terms of exact sequences as follows. In the most general case, if we have a subspace
of a space then we can think of it as filling out some of the directions in the large space and then, we may define
an orthogonal complement that fills out the other directions. Together they span the full space in a minimal way.
In a sense, this can be extended to the idea of D-branes in our spacetime. However, when additional structure is
added not by looking ”outside” at the large vector space, but instead by adding structure to points via coefficients
in (co)homology, forming the orthogonal complements may become more complicated because we may not have an
immediate inner product (or some suitable pairing) to rely upon. In the most general case, if A is a subspace of B
and A fills up certain directions in B, the remaining directions are encoded in B/A. If A is precisely the kernel of the
surjection B → C then A fills out some of the directions in B and all the complementary directions are encoded in
C. This means basically just that 0→ A→ B → C → 0 is a short exact sequence. Therefore, a sequence being exact
means we can write ∫
M
ζ =
∫
X
τM ∧ ζ (3)
in a global sense and hence τM is globally meaningful. As the objects we deal with here (namely τM and ζ) are
identified as cohomology (resp. homology) classes, what we need to analyse is a pairing between homology and
cohomology. This is where universal coefficient theorems enter our discussion. In the most general case, consider our
spacetime X and our D-branes M1 and M2 represented algebraically as chain complexes over a ring R. Then there
exists an evaluation map
HomR(X,M1)×X → R (4)
4providing us with the evaluation (a pairing)
(f, z)→ f(z) (5)
Such a pairing passes to the Kronecker pairing
<,>: Hq(X ;M2)×Hq(X ;M1)→ R (6)
relating homology with cohomology. Such a pairing is bilinear and its adjoint is a homomorphism
Hq(X,M2)→ Hom(Hq(X,M1);M2) (7)
It however need not be an isomorphism. Universal coefficient theorems provide a measure of how this adjoint fails to
be an isomorphism in terms of Ext and Tor groups. The exact sequence
0→ ExtR(Hq−1(X ;M2),M1)→ H
q(X ;M2)→ Hom(H
q(X ;M1),M2)→ 0 (8)
shows that the Ext group needs to be added in order for the sequence to be exact. When this happens the homology
and cohomology with the different coefficients define the integral over the entire space X in a consistent manner.
In what follows we will see that the global definition of τM and the expression τM1 ∧ τM2 governing the I-brane
are crucial for the cancellation of anomalies by means of inflow techniques. Defining such global structures within
integrals covering the whole space X therefore relies on the existence of exact sequences associated to (co)homology
theories with coefficients expressed in terms of potentially intersecting D-branes. The correction to τM1 ∧ τM2 due to
global effects is therefore encoded in the Ext group of the universal coefficient theorem in (co)homology.
In string theory let M be the worldvolume of a D-brane. The RR potential called C couples to it and the brane
current τM arises. The RR field strength is denoted by H . On M we have the tangent bundle of the total spacetime
X as being T (X) which decomposes into the Whitney sum of the tangent and normal bundles to M , namely T (M)
and N(M).
Let us start now the other way around. We have the worldvolume of a D-brane and over each point on this D-brane
we add the structure of H0(Pt), the zero order cohomology of the point. Then, according to the specific problem, if
our D-brane wraps around topologically non-trivial structures of our bulk spacetime X , we may add to each point
higher cohomology structures Hq(Pt). The more complex the topology of the bulk space, the more structure one has
to encode in the coefficients of the (co)homology in order to represent the fact that the D-brane can probe it.
We can construct locally
τM = δ(x
1)dx1 ∧ ... ∧ δ(xdimN(M))dxdimN(M) (9)
where xµ are Gaussian normal coordinates in the transverse space of M , or equivalently Cartesian coordinates in
the fibre of N(M). Such an expression is however not defined globally. The intersection of two brane world-volumes
produces a so called I-brane M12 =M1 ∩M2. Following the assumption of right angles in [12], the tangent bundle of
the total spacetime decomposes as
T (X) = T (M1) ∩ T (M2)⊕ T (M1) ∩N(M2)⊕N(M1) ∩ T (M2)⊕N(M1) ∩N(M2) (10)
The intersection is assumed to be fibre-wise. Clearly,
T (M12) = T (M1) ∩ T (M2) (11)
and
N(M12) = T (M1) ∩N(M2)⊕N(M1) ∩ T (M2)⊕N(M1)N(M2) (12)
Then it follows that τM1 ∧ τM2 = τM12 provided that N(M1) ∩N(M2) = ∅. Given the local form of τM above, in any
other case τM12 = 0. On the I-brane there can be an anomaly of the form
I12 = π
∫
τM12 ∧ (Y1 ∧ Y˜2 + Y2 ∧ Y˜1) (13)
where Yi and Y˜i, i = 1, 2 are some invariant polynomials of the Yang-Mills field strengths and gravitational curvatures
on Mi. With this notation and the results of [12] the anomaly can be canceled if one implements the following Ansatz
for Chern-Simons type action on D-branes
5−
µ
2
∑
i
∫
Mi
NiC − (−1)
qH ∧ Y
(0)
i = −
µ
2
∑
i
∫
X
τMi ∧ (NiC − (−1)
qH ∧ Y
(0)
i ) (14)
In this equation q is 1 for the II-A string theory and 0 for the II-B string theory and i labels the D-brane wrapping
worldvolume Mi whose brane current is τM . Ni is the constant part of Yi. C and H represent formal sums of all the
RR antisymmetric tensor potentials and field strengths respectively. When we integrate we implicitly take products
of forms with the required total rank. The rank will appear as an indexation for a formal sum, for example, for a
type IIA string theory we have
C = C(1) + C(3) + C(5) + C(7) + C(9) (15)
Note that H will have corrections to its usual expression dC. Given the coupling of the Ansatz above, the equations
of motion are
d ∗H = µ
∑
i
τi ∧ Yi (16)
with the Bianchi identities being
dH = −µ
∑
i
τi ∧ Y˜i (17)
where
Y˜j(l) = −(−1)
dim(Mj)−q
2 (−1)
l
2Yj(l) (18)
With these conditions we have
H = dC − µ(−1)qτM ∧ Y˜
(0)
j (19)
where N˜j is the constant part of Y˜j , and Y˜
(0)
j is the secondary characteristic. We need to observe that the field
strengths H are physical observables and therefore must be gauge invariant. Therefore, to any gauge variations, the
variations of C must have a compensating nature
δgC = µ
∑
j
τMj ∧ Y˜
(1)
j (20)
where Y˜
(1)
j is the Wess-Zumino descent of Y˜j . The variation of the Ansatz under gauge transformations is
δgS = −
µ2
2
∑
ij
∫
X
τMi ∧ τMj ∧ (Y˜
(1)
j Ni + Y˜j(Yi)
(1)) =
= −µ
2
2
∑
ij
∫
X
τMi ∧ τMj ∧ (Yi ∧ Y˜j)
(1)
(21)
This would cancel the anomaly if µ
2
2 = π when N(M1)∩N(M2) = ∅. However, on the I-brane there are still anomalies
due to the fact that we used only a local form for τM .
Such anomalies are described in [12] and the inflow method is used in order to cancel them.
Consider the case when two D-branes intersect and therefore one obtains massless fermions from the open string
sectors with two ends on the two D-branes. Given N1 D-branes wrapping around M1 and N2 D-branes wrapped
around M2 and the sector of the string starting on M1 and ending on M2 the difference in the boundary conditions
on the two ends of the string modifies its zero point energy and shifts the modes of its worldsheet operators. As a
result, the massless fermions are a section of the chiral spinor bundle lifted from
T (M1) ∩ T (M2)⊕N(M1) ∩N(M2) (22)
and in the end the bundle is tensored with the (N1, N¯2) vector bundle due to their Chan-Paton quantum numbers.
The anomaly can be written as
6II−brane = 2π
∫
M12
(ch(F1) ∧ ch(−F2) ∧
Aˆ[T (M1) ∩ T (M2)]
Aˆ[N(M1) ∩N(M2)]
∧ e[N(M1) ∩N(M2)])
(1) (23)
by means of brane currents we have for the case of intersections
II−brane = ±2π
∫
τM12 ∧ (e[N(M1) ∩N(M2)] ∧ ch(F1) ∧ ch(−F2) ∧
Aˆ[T (M1T (M2)
Aˆ[N(M1) ∩N(M2)])
(1)
(24)
where use has been made of the fact that e(∅) = 1. It can be checked that the previous equation can be factorised.
If we denote
Yi = ch(Fi) ∧
√
Aˆ[T (Mi)]
Aˆ[N(Mi)]
(25)
together with
Y˜j = −(−1)
dim(Mj)−q
2 ch(−Fj)
√
Aˆ[T (Mj)]
Aˆ[N(Mj)]
(26)
with this definition, the anomaly can be cancelled by the inflow.
This yields
II−brane = −π
∫
τM1 ∧ τM2 ∧ (((−1)
dim(M2)−q
2 ch(F1) ∧ ch(−F2) + {1↔ 2}) ∧
Aˆ[T (M1) ∩ T (M2)]]
Aˆ[N(M1) ∩N(M2)]
)(1) (27)
It is clear that the two terms in the integrand above sum up rather than cancelling each other, leading to the anomaly
II−brane = −(−1)
dim(M2)−q
2 2π
∫
τM1 ∧ τM2 ∧ (ch(F1) ∧ ch(−F2) ∧
Aˆ[T (M1) ∩ T (M2)]]
Aˆ[N(M1) ∩N(M2)]
)(1) (28)
While factorizability is important for inflow anomaly cancellation, when the relevant normal bundle is nontrivial, the
Euler class in the integrand of II−brane makes it non-factorizable. The cause for this is the fact that while τM is a
physical observable, it is not always globally defined over M [12].
τM = δ(x
1)dx1 ∧ ... ∧ δ(xdimN(M))dxdimN(M) (29)
makes sense only within each coordinate patch. Between patches the transversal coordinates are defined only up to
the transition functions of the normal bundle. We therefore need to add new terms which vanish when N(M) is trivial
but allow us to define τM globally when N(M) is not trivial. These new terms will carry the topological information
about N(M) and, according to the defining equation of τM they must have components with indices tangential to
M . This calculation has been covered in [12] and I repeat it here for completeness. When pulling τ(M) back to M
only certain pieces of the correction remain. The result will be the Euler class e[N(M)] of N(M). It may be noticed
that τM is determined by N(M) because it is defined as the limit of non-singular differential forms with shrinking
compact supports in the neighbourhood of M , approximated by the neighbourhood of the zero section of N(M). For
any oriented real orientable vector bundle E, we can define τM by taking M to be the zero section E. We may define
Φ[E] = τM , for any vector bundle E
pi
−→M . Otherwise stated
τM ∧ τM = τM ∧ Φ[N(M)] = τM ∧ [e[N(M)]] (30)
where [e] denotes a representative of the cohomology class of e. Given also that Φ(A ⊕ B) = Φ(A) ∧ Φ(B), we have
for the I-brane worldvolume M12 =M1 ∩M2 that
τM1 ∧ τM2 = Φ[T (M1) ∩N(M2)⊕N(M1) ∩N(M2)] ∧ Φ[N(M1) ∩ T (M2)⊕N(M1) ∩N(M2)] =
= Φ[T (M1) ∩N(M2)⊕N(M1) ∩ T (M2)⊕N(M1) ∩N(M2)] ∧ Φ[N(M1) ∩N(M2)] =
= τM12 ∧ e[[N(M1) ∩N(M2)]]
(31)
7This is finally the correct replacement for the naive equation
τM1 ∧ τM2 =
{
τM12 if N(M1) ∩N(M2) = ∅
0 otherwise
(32)
The main idea of this article is that the same information can be encoded by coefficient structures in (co)homology.
These have the ability to carry the anti-anomaly inducing the cancellation of the original anomaly by altering the
pairing between cohomology and homology, that is, altering the integral over the whole space X involving τM . In a
sense the ”inflow” can be seen as originating in the prescription of altering the pairing
<,>: Hq(X ;M2)×Hq(X ;M1)→ R (33)
such that its adjoint becomes part of an exact sequence. This leads to a global definition of the pairing and particularly
in the ability to define τM such that it is valid over the whole space. As stated before, the conditions for the sequence
to be exact lie in ExtR(Hq−1(X ;M2),M1). Let me analyse this a bit further. To understand the concept of extension
one has to imagine exact sequences as self-sustained mathematical entities. Indeed, one may act on an exact sequence
0→ A→ B → C → 0 with a covariant functor F . The functor may be itself right (resp. left) exact if, after applying it
to the exact sequence one obtains a sequence F (A)→ F (B)→ F (C)→ 0 (respectively 0→ F (A)→ F (B)→ F (C))
which is exact. When the functor with which we act on our exact sequence is HomR(∗,M) where R is a Ring and in
general M is a module then the sequence
0→ HomR(C,M)→ HomR(B,M)→ Hom(A,M) (34)
is not exact. In order to make it exact what we need to add are the extensions, which, by definition, transform the
resulting sequence into
0→ HomR(C,M)→ HomR(B,M)→ Hom(A,M)→
→ Ext1R(C,M)→ ...→ Ext
q
R(B,M)→ Ext
q
R(A,M)→ Ext
q+1
R (C,M)→ ...
(35)
which is exact. The extension satisfies the property that Ext0R(M1,M2) = HomR(M1,M2) and Ext
n
R(F,M) = 0
if F is a free module and n > 0. Therefore, ExtnR(∗,M) = 0 is called the n-th derived functor of the functor
HomR(∗,M). Therefore, it is intuitive to see that Ext represents what needs to be added to the resulting sequence
after the application of a functor to it, such that the resulting sequence becomes exact. Now, of course, cohomology
theory measures (in its most basic form) in how far a complex fails to be exact. Therefore, in our case, the case of
the universal coefficient theorem, we obtain an exact sequence in (co)homology after changing the coefficients. The
sequence we obtain is certainly cohomologically trivial (being exact) and this is obtained due to the fact that we
added the anti-anomaly as a structure given to the mathematical points of our theory. The addition of Ext therefore
makes our τM well defined over the whole space without having to look at the properties of higher dimensional spaces.
Obviously, as τM is an element of a cohomology class, we discuss exact sequences in cohomology and apply the Hom
functor to those, while changing their coefficients. This basically demands for the universal coefficient theorem.
For cohomology, the universal coefficient theorem states that the following sequence is exact:
0→ Ext(Hp−1(X ;M1),M2)→ H
p(X ;M2)
h
−→ Hom(Hp(X ;M1),M2)→ 0 (36)
Given two coefficient structures M1 and M2 this short exact sequence connects cohomology with coefficients in one
structure to homology with coefficients in the other. If the map between the two were an isomorphism, the Ext group
would be trivial. This is often not the case, particularly when one wishes to connect cohomology theories induced
by coefficient structures that have different resolutions with respect to certain topological features. This is precisely
the situation I discussed above, considering that the RR charges will not be visible in the perturbative domain of the
string theory. Indeed, it is not possible to use cohomology to detect topological features without making a choice of
a coefficient structure. Such choice expands or reduces the structure associated to the fundamental object (the point
in this case) and at the same time makes certain topological features more or less visible. Indeed, this is valid for K-
theory which is, axiomatically speaking, also a generalised cohomology theory. Another aspect related to changing the
coefficient structure in cohomology is related to the relativity of symmetry, a property I proved in ref. [9], (Theorem
3, pag. 4). It is intriguing that a special case of this result has been obtained [3] by a different and more particular
method. Indeed, [3] notices that M-theory with N > 0 supersymmetry can be seen in terms of type IIA perturbative
8string theory as having N = 0 as long as RR charge is not detectable. The tension point of [3] is between the so called
”revolutionary” and ”counter-revolutionary” viewpoints. While the ”revolutionary” viewpoint will claim that the 11-
dimensional M-theory is fundamental, and any vacuum of the 11-dimensional supergravity is acceptable, independent
of the results of a low energy type IIA theory, while the ”counter-revolutionary” viewpoint will claim that the only
acceptable vacua are those of type IIA supergravity, while M-theory is only a strong coupling limit of the string theory.
The tension between these two viewpoints can now be alleviated by understanding that the two situations arise due
to the choice of two different coefficient structures in cohomology, one capable of revealing the topological features
associated to the RR-charge and the other incapable of doing so. The two choices are however perfectly legit from the
perspective of the universal coefficient theorem which allows us to move from one description to the other. In reference
[13] D-brane Chern-Simons actions were derived. These imply the presence of topological defects on the D-branes.
Such defects carry their own RR charges which are determined by their own topological (instanton) numbers [14].
Anomaly cancelation arguments by the inflow mechanism [14] require the modification of the Chern-Simons actions.
Of course the effect will be to change the induced RR charges on the D-brane wrapped around a cycle of a non-trivial
compactification manifold. In terms of cohomology with non-trivial coefficients this can be interpreted as adding
the additional structure to points. Of course, in the most general case, adding or removing additional topological
structure (additional topological defects) can be done for arbitrary extended objects like D-branes but also, as is the
case here, for Dirichlet 0-branes. The author of ref. [3] concludes that the possibility of noticing supersymmetry
in the non-perturbative theory and ”overlooking” it in the perturbative approach could be a method to ”have your
supersymmetry and eat it too”. However, the final conclusion is that nature should intrinsically be non-perturbative
and therefore what one must measure is the non-perturbative physics including supersymmetry and not merely the
perturbative region of some string theory. Having supersymmetry and eat it too, according to ref. [3] can only occur if
”for some unknown reason, the experimentalist’s apparatus is so primitive as to be unable to detect Ramond-Ramond
charge, in which case he or she would conclude that the world has no unbroken supersymmetry”. Analysing this
situation from the perspective of cohomology with non-trivial coefficients and the universal coefficient theorem, it
results that, in order to detect certain topological features one has to make a choice of coefficients that may reveal or
hide topological features associated to the Ramond-Ramond charge, leading to visibility resp. invisibility of the latter.
Therefore, the experimentalist might not be able to detect certain topological features unless he or she is willing to
create an experiment in which some other features will remain undetectable. This way of thinking is well known
from basic quantum mechanics where incompatible observables cannot have a common eigenbasis. To extend this to
the level of detectability of topological features one requires the universal coefficient theorem. Formally, one has to
consider the changes leading to τM1 ∧τM2 = τM12 ∧e[[N(M1)∩N(M2)]] from a purely cohomological perspective. The
change in I-brane current τM1 ∧ τM2 of an I-brane measuring intersections of the two branes is naively trivial when
N(M1) ∩N(M2) 6= ∅. As an observable τM must be globally defined over M . When N(M) is non-trivial one needs
to change τM topologically such that it becomes globally well defined. Indeed, this can be done by encoding the full
topological information within the coefficients in cohomology. I showed on several occasions that the coefficients in
cohomology can play the role of global anti-anomalies or of structures that may turn anomalous theories into well
defined ones.
As a conclusion, in this article I introduce the first ideas regarding an alternative method of anomaly cancellation
based on anti-anomalies introduced by changing the coefficient structure in the cohomological theories defining the
integrals performed over the dual currents over D-branes. Thinking of coefficients in cohomology as of anomaly
cancellation tools would provide us with alternatives to standard anomaly cancellation relying usually only on a
higher-dimensional perspective.
[1] M. J. Duff, J. X. Lu, Nucl. Phys. B 347, 394 (1990)
[2] C. M. Hull, P. K. Townsend, Nucl. Phys. B 438, pag. 109 (1995)
[3] M. J. Duff, H. Lu, C. N. Pope, Phys. Lett. B 409, pag. 136 (1997)
[4] R. Minasian, G. Moore, JHEP11/002(1997)
[5] J. F. Adams, Lectures on generalised cohomology, Lecture 1. The Universal Coefficient Theorem and the Kunneth Theorem,
The selected works of J. F. Adams, vol. 1, Cambridge Univ. Press, ISBN 9780521110679 (1992)
[6] A. T. Patrascu, J. Math. Phys. 57, 071702 (2016)
[7] A. T. Patrascu, Condens. Matter, 2, 13 (2017)
[8] A. Kitaev, AIP Conf. Proc. 1134, 22 (2009)
[9] L. Bonora, R. P. Malik, J. Phys. A, 43, 37 (2010)
[10] A. Hatcher, Algebraic Topology, ISBN 0-521-79540-0
9[11] A. T. Patrascu, Phys. Rev. D 90, 045018 (2014)
[12] Y.-K. E. Cheung, Z. Yin, Nucl. Phys. B, 517, 1-3, pag. 69 (1998)
[13] M. B. Green, J. H. Schwarz, Phys. Lett. B, 149, 117 (1984)
[14] E. Witten, Nucl. Phys. B, 460, 41 (1996)
[15] O. Viro, J. of Knot. Th. and its Ramifications, 18, 6, pag. 729 (2009)
[16] M. Bershadsky, V. Sadov, C. Vafa, Nucl. Phys. B, 463, 20 (1996)
[17] H. Ooguri, Y. Oz, Z. Yin, Nucl. Phys. B, 477, 07 (1996)
[18] K. Becker, M. Becker, D. R. Morrison, H. Ooguri, Y. Oz, Z. Yin, Nucl. Phys. B, 480, 25 (1996)
